Reprinted from JOURNAL OF THE ATMOSPHERIC SCIENCES, Vol. 50, No. 15, 1 August 1993
American Meteorological Society

A Theoretical Investigation of the Effects of Sinusoidal Topography on Particle Deposition

J. E. STtOoUT, Y.-L. LIN, AND S. P. S. ARYA

Department of Marine, Earth, and Atmospheric Sciences, North Carolina State University, Raleigh, North Carolina

(Manuscript received 8 July 1992, in final form 8 February 1993)

ABSTRACT

Trajectories of 500- and 1000-um diameter particles are calculated as they fall through the spatially varying
flow field above sinusoidal terrain for various combinations of atmospheric stability, wind speed, and terrain
wavelength. In each case, a set of 20 uniformly spaced particles are released simultaneously above sinusoidal
topography and their trajectories are obtained numerically by coupling a linear wave solution for flow over
sinusoidal topography with equations for particle motion. The flow field and the associated patterns of deposition
are shown to be strongly influenced by atmospheric stratification. For strong stratification, the presence of
vertically propagating waves produces relatively concentrated “particle streams.” For less stratified conditions
with evanescent waves, little focusing of particle trajectories is apparent. The ability of the atmosphere to focus
or concentrate falling particles may ultimately produce regions along the surface with enhanced deposition.

1. Introduction

Prediction of particle deposition in the atmosphere
is important in many diverse fields of science. Mete-
orological studies of precipitation patterns primarily
involve the fall of raindrops or ice particles (Hobbs et
al. 1973). Air pollution studies often involve the de-
position of particulate matter generated by industry
(Pasquill 1974). Geologists often study the deposition
of ash and cinders downwind of volcanic eruptions
(Cotton 1944). Soil scientists study the formation of
soils from the settling of aeolian grains of sand and
dust (Greeley and Iversen 1985). Areas of study such
as these could benefit from an improved understanding
of particle deposition across complex terrain.

As particles fall toward the surface of the earth, they
move under the combined influence of gravitational
and aerodynamic forces. For uniform flow over flat
land, particles generally fall toward the surface at a
constant angle defined by the wind speed and terminal
fall velocity of the particle. Above complex terrain,
particles fall through a more complex and spatially
varying flow field, characterized by terrain-induced ve-
locity perturbations. Particles falling through such a
flow field experience a constantly changing fluid dy-
namic force that may substantially alter their path.
Particles that fall from different initial positions will
take different paths through the flow field, and thereby
experience a different time history of fluid dynamic
forces. Under the right conditions, a set of particles
may be significantly redistributed relative to one an-
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other, producing alternating regions of enhanced and
reduced concentration.

The objective of this work is to explore the conditions
that bring about a substantial modification of otherwise
uniform deposition by calculating the path of particles
falling through the flow field above a sinusoidal surface.
As discussed in section 2, this is accomplished by cou-
pling a linear wave solution for flow over sinusoidal
topography with equations for particle motion. A sim-
ple explicit scheme is then applied to calculate the par-
ticle trajectories. In section 3, the results from the sim-
ulations are presented and the effects of stratification,
particle size, wind speed, and terrain wavelength are
discussed. Concluding remarks are made in section 4.

2. Theory

A simple method of predicting particle movement
is to assume that each particle moves horizontally as
the wind, and falls vertically at its terminal velocity
relative to the wind (Hobbs et al. 1973). In the limiting
case of small light particles within a slowly varying flow
field this assumption may be sufficiently accurate. For
the opposite extreme of large heavy particles within a
rapidly varying flow field the assumption fails. Thus,
such a model is not generally applicable to all particle
and flow field combinations.

A more rigorous method of particle trajectory pre-
diction is to simply calculate the motion of each particle
based upon its natural reaction to applied fluid dynamic
and gravitational forces. In this case the particle motion
is not artificially constrained; rather, it is predicted from
physically based equations of particle motion.

Such a model must contain two essential compo-
nents: a means of predicting fluid motion at any point
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above the terrain, and a means of predicting particle
motion due to the forces that result from the relative
movement of the particle through the spatially varying
flow field.

a. Flow field over sinusoidal topography

Notation for two-dimensional flow over sinusoidal
terrain is defined in Fig. 1. The surface is described by
a simple sinusoidal function with terrain amplitude,
h,,, and terrain wavelength, L:

h(x) = h,, sin(kXx). (1)

The horizontal component of wind velocity, u, is
aligned with coordinate x and may be expressed as the
sum of a basic wind speed, U, plus a terrain-induced
perturbation, #'(x, z). The vertical component, w, is
aligned with coordinate z and is composed solely ofa
terrain-induced perturbation, w'(x, z).

The wind velocity field above sinusoidal terrain was
derived from linear theory by Queney (1947) and later
summarized by Smith (1979). The derived analytical
solutions require small amplitude sinusoidal terrain
with steady, inviscid, Boussinesq, and nonrotating flow.
In addition, the atmosphere is assumed stable with
constant stratification. The response of the flow de-
pends upon the relative magnitude of the terrain wave-
number, k = 27 /L, compared to the Scorer parameter,
| = N/ U, where N is the Brunt-Viisilé frequency.

For the case of strong wind in a weakly stratified
atmosphere and a narrow hill, (/* < k?), the wind field
above sinusoidal terrain may be written as

u(x, z) = U1 + ViE = Phy, sin(kx)e ™ %) (2)
w(x, z) = kUhy, cos(kx)e_‘kz_lzz. (3)

In this case, the terrain-induced disturbance decays ex-
ponentially with height, as shown in the upper frame
of Fig. 2, and thus, significant flow perturbations are
limited to a narrow region close to the surface. The
resulting wave field is appropriately classified as eva-
nescent.

For weak wind in strong stratification over a series
of wide hills, (/2> > k?), the wind field above sinusoidal
terrain may be written as

u(x, z) = U[1 — V2 = k?hy, cos(kx + VI* = k?2)]
(4)
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FIG. 1. Definition sketch for flow over sinusoidal topography.
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wind Evanescent Waves

FiG. 2. Examples of evanescent and vertically propagating
waves above sinusoidal terrain.

w(x, z) = kUh,, cos(kx + VI? — k?z).  (5)

In this case, the terrain-induced disturbance propagates
upward. The wind field consists of a series of vertically
propagating waves with a characteristic upwind phase
tilt, as shown in the lower frame of Fig. 2. In this case,
the wave amplitude and terrain-induced flow pertur-
bations do not diminish with height.

b. Dynamics of falling particles

The gravitational force acting on a particle of di-
ameter D and density p,, falling through air of density
p may be expressed as

xD3
Fe=—=8(p = ).

The primary fluid dynamic force acting on a non-
spinning spherical particle is the aerodynamic drag
force, which results from the relative movement of air
past the particle. The drag of spherical particles have
been studied extensively in the past. At any instant,
the resultant drag force acts in the direction of the total
relative wind vector. For a particle with frontal area 4
and drag coefficient Cp, the horizontal and vertical
components of the aerodynamic force may be ex-
pressed as

(6)

_ 1 dax
F, = CDAEme(u——dt—) (7)

i dz
FZ—CDAimel(W'——d‘t‘). (8)

The relative wind speed is defined as
dx \? dz \*1'/?
Vrc = - T + - T 5 9
(R 2 N

where the horizontal and vertical position of the particle
is denoted by uppercase X and Z, respectively.
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TABLE 1. Drag coefficient of a sphere as a function of Reynolds
number, from Morsi and Alexander (1972).

Reynolds
Drag coefficient number range
Cp = 24.0/Re Re < 0.1
Cp = 22.73/Re + 0.0903/Re? + 3.69 0.1 <Re<1
Cp = 29.1667/Re — 3.8889/Re* + 1.222 1 <Re < 10
Cp = 46.5/Re — 116.67/Re* + 0.6167 10 < Re < 100

100 < Re < 1000

Cp = 98.33/Re — 2778.0/Re? + 0.3644
1000 < Re < 5000

Cp = 148.62/Re — 47500.0/Re* + 0.357
Cp = —490.546/Re + 578700/Re’

+ 0.46 5000 < Re < 10 000
Cp = —1662.5/Re + 5416700/Re?
+0.519 10 000 < Re < 50 000

If a particle is moving at the same speed as the wind,
then the aerodynamic force vanishes. This suggests that
if the wind speed or direction changes suddenly, the
particle must translate relative to the wind before a
force can be generated to change the velocity of the
particle. The amount of relative movement between
the particle and air depends upon the size and mass of
the particle as well as the magnitude and frequency of
the wind fluctuations. In the limiting case of small
lightweight particles in a slowly varying flow field there
is little relative movement required to produce forces
sufficient to move the tiny particle, and so the particle
tends to follow the motion of the fluid quite closely.
At the opposite extreme of large heavy particles falling
through a rapidly varying flow field a particle rarely
follows the exact motion of the fluid.

The drag coefficient of a sphere, Cp, varies appre-
ciably with Reynolds number, Re, where

— P Vrel D
—“‘—“ﬂ .

Morsi and Alexander (1972) developed a set of
regression equations (shown in Table 1) that allow the
calculation of drag coefficient for a sphere for a large
range of Reynolds number. This set of equations results
from an empirical fit to the standard drag curve for
spheres shown in Fig. 3.

At this point we link the equations that govern par-
ticle motion with the equations that describe the wind
field. Gravity and drag forces acting on a particle have
been defined by Egs. (6), (7), and (8). The velocity
field above the terrain is defined by either Eqgs. (2) and
(3) or Egs. (4) and (5), depending mainly upon at-
mospheric stability. Summing all the wind drag and
gravitational forces and dividing by particle mass yields
the following expressions for the horizontal and vertical
components of particle acceleration,

Re (10)

X 3pCp dx
===—Va|lu——
a? 4p, D '(" dt) (1)
dzz_ (p—pp) 30 Cp dz
darr Py +4ppD rel(w dt)' (12)

STOUT ET AL.

2535

The motion of each particle is calculated by using a
simple explicit numerical scheme that is iterated over
numerous small time steps (Az = 0.05 s). The position
of the particle as a function of time is calculated as
follows:

axy’ 1{d’X\"
T+l T _ 2
X X+(dl)At+2(dt2)At (13)
az\’ 1(d*Z\’
T+l T _ 2
z Z+(dt)At+2(dt2)At (14)

and the velocity of the particle as a function of time is
calculated as follows:

() (5) (5] oo

dr dr dar?
dZ 7+1 dZ T dZZ T
(E) ‘(77)*(072)“’ (16)

where the superscript 7 denotes the time step.

Particles are released with no initial vertical velocity
and with horizontal velocity equal to that of the basic
wind, U. The new position and velocity of the particle
at time step 7 + 1 are computed from Egs. (13) through
(16) from values of particle velocity and particle ac-
celeration at time step 7. The particle velocity com-
ponents, dX/dt and dZ/dt, are known at each time
step either from the given initial conditions or from
the calculation of Egs. (15) and (16) at the previous
time step. The particle acceleration components, d*.X/
dt? and d*Z/dt?, are calculated from Eqgs. (11) and
(12) from known values of particle speed and wind
velocity at time step 7. The wind velocity components,
u and w, are calculated at the current position of the
particle at time step 7 from Eqgs. (2) and (3) or (4)
and (5), depending mainly upon atmospheric stability.
This process is repeated until the height of the particle
is equal to the height of the local terrain.

100 \\
Cs \\
\
].0 AN
/\\
C, = 24/Re \ —— ]
\\ P
R
0-01 1-0 10? 10*
Re

F1G. 3. Drag coefficient of a sphere as a function of Reynolds
number. (After Morsi and Alexander 1972.)



2536

TABLE 2. Comparison of terminal velocity calculated with the
present model and measured by Gunn and Kinzer (1949) for p = 1.19
kgm3andy = 1.53 X 107> m?s™",

Terminal velocity
(ms™)

Diameter
(mm) Calculated Measured
0.25 0.94 —
0.30 1.18 1.17
0.40 1.65 1.62
0.50 2.09 2.06
0.60 2.48 2.47
0.70 2.85 2.87
0.80 3.23 3.27
0.90 3.61 3.67
1.00 3.98 4.03
3. Results

One simple test of the model is to set the wind speed
to zero and let particles of different size fall vertically
until the drag force just balances the gravitational force.
Under this condition a particle falls at its terminal ve-
locity, w;,.

Gunn and Kinzer (1949) have experimentally mea-
sured the terminal velocity of water drops. Table 2
shows a comparison of the numerical model and this
experimental data. The satisfactory agreement suggests
that the model works sufficiently well for particles fall-
ing through a quiescent atmosphere.

Another test of the model is to check the angle of
fall for particles falling toward a flat surface within a
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uniform wind current. Regardless of the initial velocity
of the particle, under such uniform and steady flow
conditions particles eventually fall at their terminal ve-
locity, w,, while they drift horizontally at the speed of
the wind, U. Each particle falls at a constant angle, «,
where o may be expressed as

_of 1wl
=t Y QRRACETS B
a an ( U

The numerical model makes no assumptions about
the horizontal drift velocity matching that of the wind,
nor does it assume that the particles fall at their terminal
velocity. Rather, it simply calculates the resulting mo-
tion of the particles based upon the applied forces. In
this uniform and steady flow case, however, the fall
angle predicted by the numerical model should match
the value computed from Eq. (17), thus providing a
test of the numerical model’s validity. The numerically
computed trajectories are shown in Fig. 4 for particle
diameters of 0.5 and 1.0 mm falling toward flat terrain.
The particles are released with initial horizontal velocity
equal to U (10 m s™') and no vertical velocity. It is
clear from this figure that the particles quickly achieve
terminal velocity and fall at the correct angle predicted
by Eq. (17), namely, 11.8° for particle diameter of 0.5
mm and 21.7° for particle diameter of 1.0 mm. Thus,
the numerical model correctly predicts the angle of fall
over flat terrain.

Next we consider sinusoidal terrain. In each case,
20 particles, distributed uniformly across two terrain
wavelengths, are released simultaneously from a height

(17)

2 - D =0.5mm
z (lam) -
1 —
0
[ 4 8 12 ' 16 ' 20
X (km)
2 D=1.0mm
2 (km) .
1 P
0
0 4 8 12 ' 18 ’ 20
x (km)

FIG. 4. Particle trajectories over flat land.
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TABLE 3. Test summary for flow over sinusoidal terrain for evanescent (EVN) and vertically propagating (VP) waves.

Maximum

Wave L hm U N ) k D
Case type (km) (m) (ms™) s (m™) (m™) u'/U w/U (mm)
Cl EVN 4 200 10 0.01 0.001 0.0016 0.24 0.31 1.0
C2 VP 4 200 10 0.02 0.002 0.0016 0.24 0.31 1.0
C3 EVN 4 200 10 0.01 0.001 0.0016 0.24 0.31 0.5
C4 VP 4 200 10 0.02 0.002 0.0016 0.24 0.31 0.5
C5 VP 4 200 5 0.01 0.002 0.0016 0.24 0.31 1.0
C6 VP 8 200 10 0.01 0.001 0.0008 0.12 0.16 1.0

of 2000 m. In all cases particle density, p,, is 1000
kg m™3, which corresponds to the density of water.
Particles are released with a horizontal velocity equal
to the basic wind speed, U, but are given no initial
vertical velocity.

Table 3 gives a summary of the six test cases. Case
Cl1 is considered the base case. Most of the other cases
are a single perturbation of only one variable from the
base case.

a. Effect of stratification

Cases C1 and C2, shown in Fig. 5, are identical ex-
cept that N = 0.01 s~ in case C1, whereas N = 0.02 s
in case C2. By doubling the Brunt-Viisild frequency,
the mode of wave propagation is changed from eva-
nescent waves in C1 to vertically propagating waves in
C2. This distinct change in wave regime has a notice-
able effect on the resulting particle trajectories. In case
C2 a concentrated particle stream is evident, which
results from the bunching or focusing of particle path

lines. On the other hand, in case C1 a concentrated
particle stream is not discernible.

This striking difference in particle behavior is a direct
consequence of the fundamental differences in the flow
field, as revealed by the streamlines. For evanescent
waves, shown in case C1, the amplitude decreases ex-
ponentially with height such that only near the surface
are the streamlines significantly perturbed. For verti-
cally propagating waves, shown in case C2, the ampli-
tude does not decrease with height so that significant
particle accelerations occur along the entire trajectory,
not just near the surface.

Another significant difference in the flow fields is the
orientation of the constant phase lines. For evanescent
waves (C1) the constant phase lines are vertical whereas
for vertically propagating waves (C2) the constant
phase lines tilt upwind. Thus, for vertically propagating
waves the constant phase lines are more closely aligned
with the natural fall angle of the particles.

For vertically propagating waves, constant phase
lines that pass through either wave peaks or troughs
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F1G. 5. Effect of stratification on particle trajectories over sinusoidal terrain.
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correspond to the dividing line between regions of pos-
itive and negative vertical velocity. Particles fall more
slowly in regions of positive w and so the trajectories
appear more horizontal. The mean flow sweeps these
particles into regions of negative w where the trajec-
tories are steeper. If the constant phase lines are closely
aligned with the natural fall line of the particles then
particles tend to remain in regions of positive w for
longer periods of time. If the lines of constant phase
are not well aligned with the natural fall angle of the
particles then particles pass rapidly through regions of
positive and negative w, allowing less time for redis-
tribution to occur. One may conclude that holding all
other factors constant, the closer the natural fall line
coincides with the lines of constant phase, the more
pronounced will be the convergence of particle path
lines.

b. Effect of particle size

Figures 6 and 7 show the effect of reducing the di-
ameter of each particle from 1 mm to 0.5 mm for eva-
nescent and vertically propagating waves, respectively.
Reducing the particle size reduces the fall velocity of
the particles; thus, they move farther downrange as the
particle size is reduced. As a result, each individual
trajectory stretches across an additional terrain wave-
length, which induces more waviness in each path line.

A smaller particle is generally more responsive to
wind fluctuations. Therefore, if a flow field tends to
produce concentrated particle streams, smaller particles
should be focused more quickly than larger particles.
For evanescent waves, shown in Fig. 6, there are no
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significant particle streams for either particle size. One
may conclude that, regardless of the particle size, eva-
nescent wave fields are not effective at producing con-
centrated particle streams. On the other hand, for small
particles in vertically propagating waves, shown in Fig.
7, there appear to be regions of rapid formation of par-
ticle streams alternating with regions where trajectories
diverge slightly. This indicates that the smaller particles
are responding rapidly to the local wind field and the
wind field is effective at producing particle streams.

¢. Effect of wind speed

Figure 8 shows the effect of reducing wind speed
from 10 ms™' (Cl) to 5 ms™' (C5). As the wind
speed is reduced, each particle falls more vertically and
its overall horizontal travel is reduced. Thus, as the
wind speed is reduced, each particle is swept over fewer
terrain wavelengths and, therefore, each trajectory ex-
hibits less waviness.

As shown in Table 3, the maximum values of the
ratios #'/ U and w'/ U remain constant as the basic wind
speed, U, is reduced; however, the values of ' and w'
are actually reduced by half. It follows that as wind
speed is reduced, particle accelerations are lessened and
trajectory focusing is less evident. As shown in Table
3, however, reducing the wind speed changes the wave
regime from evanescent (C1) to vertically propagating
waves (C5). As shown previously, vertically propagat-
ing waves are more effective at producing concentrated
particle streams than are evanescent waves. Thus, these
two effects tend to cancel, and as a result there is little

" trajectory convergence in either case.

N

z (km)

-

T O T T T T
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&
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FIG. 6. Effect of particle size on particle trajectories for evanescent waves.
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F1G. 7. Effect of particle size on trajectories for vertically propagating waves.

d. Effect of terrain wavelength

In Fig. 9, cases Cl and C6 differ only in the length
of the terrain wavelength, L. Doubling the terrain
wavelength from 4 to 8 km while maintaining the same
hill height has two important effects. First, it reduces
the maximum slope of each hill, which considerably

reduces the maximum values of #'/U and w'/U, as
shown in Table 3. Second, it changes the regime of
wave propagation from evanescent to vertically prop-
agating waves.

The effect of changing wave regime, as shown pre-
viously, is to increase trajectory focusing. At the same
time, the effect of reducing u'/ U and w'/ U is to reduce

-t
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[ 4 | 1 16 20
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FiG. 8. Effect of wind speed on particle trajectories over sinusoidal terrain.
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Fi1G. 9. Effect of terrain wavelength on particle trajectories.

the magnitude of the unsteady aerodynamic forces and,
thereby, lessen trajectory focusing. Again, these two
effects tend to cancel and the result is only a slight
amount of trajectory focusing near the lee side of the
hilltop in case C6.

4. Concluding remarks

For the relatively simple case of steady and uniform
flow over flat terrain, particles are advected horizontally
by the basic wind and descend vertically at their ter-
minal velocity. Thus, each particle tends to fall at a
constant speed, along a straight-line trajectory that
forms a constant angle with the surface. The angle of
fall can be determined simply and analytically.

Particles falling through a spatially varying wind field
above complex terrain experience an aerodynamic
force of constantly changing magnitude and direction.
The unsteady aerodynamic forces deflect particles from
otherwise straight-line trajectories.

Numerical simulations of falling particles over si-
nusoidal terrain have revealed a number of interesting
patterns of particle deposition. In some cases, large dif-
ferences in deposition patterns have resulted from fairly
modest changes of a single variable. The following is
a summary of the simulation results.

e Stratification significantly affects the flow field,
which then controls the pattern of particle deposition.
Under strongly stratified conditions, such as that in
C2, the presence of vertically propagating waves and
the associated upstream phase tilt produces concen-

trated particle streams. For weakly stratified conditions,
such as that in C1, no concentrated particle streams
are evident.

e Smaller particles of similar density fall more
slowly. As a result, smaller particles spend more time
in the air and are carried farther downrange. There is
generally more waviness in the trajectories as the par-
ticle size is decreased, since each particle travels across
additional terrain wavelengths before landing. For
evanescent waves, shown in Cl and C3, there is no
significant trajectory convergence for either particle
size. For vertically propagating waves, shown in C2
and C4, there is significant trajectory focusing for both
particle sizes.

e Reducing the wind speed allows particles to fall
more vertically, shortening the overall horizontal dis-
tance of travel for each particle. There is less waviness
in the trajectories as the wind speed is decreased, since
each particle travels across fewer wavelengths before
setting down on the surface. Reducing the wind speed
can change the wave regime from evanescent to ver-
tically propagating waves, yet at the same time pertur-
bation velocities #’' and w’ are decreased. The former
tends to increase trajectory convergence while the latter
tends to decrease trajectory convergence.

e Increasing the wavelength of the terrain while
maintaining the same amplitude can change the wave
regime from evanescent to vertically propagating waves
and at the same time considerably reduce u’/U and
w'/U. The effect of changing wave regime in this way
is to increase trajectory focusing, yet reducing pertur-
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bation velocities tends to reduce trajectory conver-
gence. Thus, the two effects tend to cancel and the
result is only a slight amount of trajectory focusing
when the terrain wavelength is doubled.

In this study, we have made several simplifications,
such as uniform basic wind, constant Brunt-V4iisild
frequency, and small amplitude sinusoidal hills. This
allows us to obtain some physical insight into an oth-
erwise complex problem. Many of these restrictions
may be removed by developing a more sophisticated
theory or numerical model for the flow field. For ex-
ample, the present method of calculating particle tra-
jectories could be linked to a fully nonlinear numerical
simulation of the flow field. This would allow more
flexibility when choosing the type of topography and
atmospheric conditions.

Another aspect of flow across topography that is ig-
nored by linear models is the boundary layer. Particles
must pass through a boundary layer before impacting
the surface. While passing through a boundary layer,
particles experience a region of strong wind shear and
turbulence. The degree of boundary-layer influence on
particle motion will depend on many factors, including
the particle’s physical characteristics, the boundary-
layer structure, and the amount of time the particle is
within the boundary layer. To investigate this aspect
of the problem, it will be necessary to develop a fairly
detailed boundary-layer model that will provide ran-
dom fluid velocity fluctuations, which then may be
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translated by the particle dynamics model into the
proper particle motion.
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